Abstract. It is defined a new almost complex structure with Norden metric (hyperbolic metric) on the tangent bundle TM of an n-dimensional Riemannian manifold M. Next, the conditions under which the considered almost complex structure with Norden metric belongs to one of the eight classes of almost complex manifolds with Norden metric obtained by G. T. Ganchev and D. V. Borisov in the classification from [2] there are studied.
Introduction
It is well known that the tangent bundle T : TM -> M of a Riemannian manifold (M,g) can be equipped with the structure of almost Kaehlerian manifold by using the Sasaki metric and an almost complex structure defined by splitting of the tangent bundle to TM into the vertical and horizontal distributions VTM, HTM (the last one being determined by the Levi Civita connection on M) (see [1] , [15] ). However this structure is Kaehler only in the case where the base manifold is locally Euclidean (see [1] ). The Sasaki metric is rather rigid and it should be interesting to get another Riemannian or pseudo-Riemannian metrics on TM, having some better properties. One possibility is to consider some (pseudo-)Riemannian metrics involving the natural lifts of the Riemannian metric g on M (for the definition and the expression of the natural 1-st order lifts of the Riemannian metric g to TM see [4] , [5] , [3] ).
A particular case of such a Riemannian metric which can be considered is a slight generalization of the Sasaki metric and it has been studied by V. Oproiu in [9] . The Riemannian metric G on TM considered in [9] has been defined by using the Levi Civita connection of the Riemannian Some geometric structures on the tangent bundle
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2. An almost complex structure with Norden metric on TM Let (M,g) be a smooth n-dimensional Riemannian manifold, n > 1, and denote its tangent bundle by r : TM -> M. Recall that TM has a structure of 2n-dimensional smooth manifold induced from the smooth manifold structure of M. A local chart (U, <p) = (U, ..., x n ) on M induces a local chart ( .., n of y 6 T~1(U) are the local coordinates in the local chart (U, <p) of the base point r{y) 6 U and the last n coordinates y l ; i -1,..., n are the vector space coordinates of the same tangent vector y with respect to the natural local basis ¿j^; i = 1,..., n defined by (U, <p), i.e.
»-EKSO^-
This special structure of TM allows us to introduce the notion of M-tensor field on it (see [6] ). The M-tensor fields are defined by their components with respect to the induced local charts on TM (hence they are defined locally), but they can be interpreted as some (partial) usual tensor fields on TM. However, the essential quality of an M-tensor field on TM is that the local coordinate change rule of its components with respect to induced local charts is the same with the local coordinate change rule of the components of a usual tensor field on M with respect to the local charts on M. More precisely, an M-tensor field of type (p, q) on TM is defined by sets of n v+q components (functions depending on x % and y l ), with p upper indices and q lower indices, assigned to induced local charts (r _1 (i7), $) on TM, such that the local coordinate change rule is that of the local coordinate components of a tensor field of type (p, q) on the base manifold M (see [6] for further details); e.g., the components y l , i -l,...,n, corresponding to the last n local coordinates of a tangent vector y, assigned to the induced local chart (r _1 (C/), $) define an M-tensor field of type (1,0) on TM. A usual tensor field of type (p, q) on M may be thought of as an M-tensor field of type (p, q) on TM. If the considered tensor field on M is covariant only, the corresponding M-tensor field on TM may be identified with the induced (pullback by r) tensor field on TM. Some useful M-tensor fields on TM may be obtained as follows.
The tangent bundle TM of a Riemannian manifold (M, g) can be organized as a Riemannian manifold or a pseudo-Riemannian manifold in many ways. The most known such structures are given by the Sasaki metric on TM defined by g (see [1] , [15] ) and the complete lift type pseudo-Riemannian metric defined by g (see [16] , [7] and denotes the Christoffel symbols defined by the Riemannian metric g. The distributions VTM and HTM are isomorphic each other and it is possible to derive an almost complex structure on TM which, together with the Sasaki metric determines a structure of almost Kaehlerian manifold on TM (see [1] , [16] ).
Consider now the energy density (kinetic energy) We shall use also the M-tensor fields on TM defined by the components
and remark that the matrix (HI) is the inverse of the matrix (G l k ) (see [9] ).
The following pseudo-Riemannian metric of natural 1-st order lift type may be considered on TM (see [12] , [13] )
where Vy* = dy l + F^dx^ is the absolute differential of y l with respect to the Levi Civita connection V of g. Equivalently, we have
We note that, due to the above conditions satisfied by the functions u(t), v(t), the pseudo-Riemannian metric G defined by (2) is balanced, i.e. has the signature (n, n) and both distributions VTM, HTM are isotropic. In the An almost complex structure J may be defined on TM by and R^-are the local coordinate components of the curvature tensor field of V on M, we obtain (see [12] , [13] ) PROPOSITION 
Some classes of almost complex manifolds with Norden metric on TM
In this section we shall study the existence of some classes of almost complex manifolds with Norden metric according with the classification and terminology from [2] . For this aim we recall that, if V is the Levi Civita connection of G on the almost complex manifold with Norden metric (TM, G, J), then the following tensor field F, of type (0,3) may be considered (see [2] )
F(X, Y, Z) = G((V X J)Y, Z); X,Y,Z £ T(TM).
The tensor field F has the following properties (4)
F(X, Y, Z) = F(X, JY, JZ) = F(X, Z, Y).
The space T of tensor fields F of type (0,3) with the properties (4) has been decomposed (see [2] ) into direct sum of three components T\, Ti, Fz which 
A semi-Kaehlerian manifold with Norden metric, or u>2 © W3-manifold if
(10) 4> = 0.
An UJ\ © UJZ-manifold if (11) n{F(X, Y, Z) + F(Y, Z, X) + F(Z, X, Y)} -G(X, Y)<f>(Z) + G(Z, X)<j>{Y) + G(Y, Z)<fr{X) + G(X, JY)4>(JZ) + G(Y, JZ)4>(JX) + G(Z, JX)4>(JY).

An almost complex manifold with Norden metric, or u>i © u>2 © ^3-manifold if no special condition is fulfilled.
Remark that, in the case of (TM, G, J), this last class which contains all the other classes is obtained in Proposition 1.
We get by a straightforward computation
PROPOSITION 3. The expression of F and <f> in the case of (TM, G, J) are given in the adapted local frame (^r, ¿fr) by
In the case 1, condition F = 0 which must be fulfilled in order to (TM, G, J) be a Kaehlerian manifold is reduced to conditions (12) 4 fc = 0,
where A is a positive real constant. Studying condition (8) which must be fulfilled in order that (TM, G, J) be a quasi-Kaehlerian manifold with Norden metric (the case 4), we obtain after a straightforward computation that this condition is satisfied if and only if the base manifold (M, g) has constant sectional curvature c and the functions u(t),v(t) satisfy the following conditions
We show by direct computation that conditions (13) are equivalent to conditions (12) . Hence we may state
THEOREM 4. For the almost complex manifold with Norden metric (TM, G, J) the following three assertions are equivalent to each other: (i) (TM, G, J) is a Kaehlerian manifold with Norden metric. (ii) (TM, G, J) is a quasi-Kaehlerian manifold with Norden metric. (iii) The base manifold (M, g) is flat, the function u(t) is a positive real constant A and v(t) = 0.
Now, we consider condition (6) which must be fulfilled in order that (TM, G, J) be a conformally Kaehlerian manifold with Norden metric (the case 2). We get by direct computation that condition (6) 
is satisfied if and only if the base manifold (M, g) has constant sectional curvature c and the functions u(t),v(t) verify the following relations (14)
v' = 0,
REMARK. In the case when v(t) = 0 we obtain the result known from Theorem 4 in [14] . If we assume that v(t) ^ 0, from (14) we get
where A is a nonzero real constant. If A > 0, condition u(t) > 0 implies c < 0 and t < next, condition u(t) + 2tv(t) > 0 is fulfilled for A > 0, c < 0, t < In this case we denote by T\M the tube around the zero section in TM defined by conditions 0 < t < and we have
THEOREM 5. Assume that v(t) 0, A > 0, c < 0, where A and c are real constants. Then (T\M, G, J) is a conformally Kaehlerian manifold with Norden metric if and only if the base manifold (M, g) has constant sectional curvature c and the functions u(t),v(t) are given by (15).
In the case when A < 0, condition u(t) > 0 implies t > ~2j7 and condition u(t) + 2tv(t) > 0 implies t < It follows that we must have c > 0 and, in this case we denote by T2M the tube around the zero section in TM defined by conditions 0 < t < and we state
THEOREM 6. Assume that v(t) ^ 0, A < 0, c > 0, where A and c are real constant. Then (T%M, G, J) is a conformally Kaehlerian manifold with
Norden metric if and only if the base manifold (M, g) has constant sectional curvature c and the functions u(t),v(t) are given by (15).
In the following we study the specific conditions such that the almost complex manifold with Norden metric (TM, G, J) to be a complex manifold with Norden metric (the case 5).
Condition (9) which must be fulfilled in this case is reduced after a long but straightforward computation to condition
Remark that condition (16) (17) we get v(t) = 0 and the result in this case has been obtained in [14] .
(ii). uu' -c = 0 and 2tu' -u = 0, which are equivalent to u{t) = > 0. Then relation (17) is identically verified for all function v(t) such that u(t) + 2tv(t) > 0, V t 6 (0, oo). In this case we obtain a complex structure with Norden metric only on TQM= the tangent bundle to M minus the null section.
(iii). u' = 0, i.e. u(t) = A, where A is a positive real constant. Then relation (17) implies v(t) = -and by taking account of condition u(t) + 2tv(t) > 0 we obtain that, if c < 0 then the whole (TM, G, J) is a complex manifold with Norden metric and, if c > 0 we have a complex structure with Norden metric only oil the tube around the zero section in TM defined by condition 0 < t < In order to obtain some specific examples of special complex manifolds with Norden metric (the case 3), first we see that condition (9) coincides with the second condition in (7) . Hence the base manifold (M, g) must have constant sectional curvature c and the functions u(t),v(t) must satisfy relation (17). Assuming that (M,g) has constant sectional curvature c and the functions u(t), v(t) satisfy relation (17), we obtain by a straightforward computation that the first condition in (7) becomes In order to obtain some specific examples of semi-Kaehlerian manifolds with Norden metric (the case 6), first we assume that the base manifold (M,g) has constant sectional curvature c / 0. We get that condition (10) REMARK. In the case when v(t) -0, condition (23)(i) is identically satisfied and condition (23) (ii) becomes uu' = -c. In this case we obtain the result from Theorem 8 in [14] .
In the following we assume that v(t) ^ 0. Then from (23)(i) we get u = v(A -t), where A is an arbitrary real constant, next from (23)(ii) we obtain that the function u(t) is given by The author thanks the referee for his helpful remarks and corrections, leading to a general improvement of the paper.
